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My Propositions
Proposition 1. The number of partitions of 𝑛 in which parts 𝜆1, 𝜆2, … , 𝜆𝑚
appear at least once equals the number of partitions of 𝑛 − ∑𝑚

𝑖=1 𝜆𝑖.

INFO Note

Proposition 2 is directly inspired by Chapter 1 examples 1 and 2 from The
Theory of Partitions by George E. Andrews.

Proposition 2. The following are equal: The number of partitions of 𝑛 in which
multiples of 𝑥 are distinct, here denoted 𝑝𝛼(𝑛); the number of partitions of 𝑛 in
which no part is divisible by 2𝑥, here denoted 𝑝𝛽(𝑛); the number of partitions of
𝑛 in which no part appears more than 2𝑥 − 1 times, here denoted 𝑝𝛾(𝑛).

Proof.

∑
𝑛≥0

𝑝𝛼(𝑛)𝑞𝑛 = ∏
𝑛≥1

(1 + 𝑞𝑥𝑛) 1 − 𝑞𝑥𝑛

1 − 𝑞𝑛

= (𝑞2𝑥; 𝑞2𝑥)∞
(𝑞; 𝑞)∞

= ∑
𝑛≥0

𝑝𝛽(𝑛)𝑞𝑛.

By Glashier’s Theorem (Theorem 1) 𝑝𝛽(𝑛) = 𝑝𝛾(𝑛), thus 𝑝𝛼(𝑛) = 𝑝𝛾(𝑛). ■
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Theorems
Theorem 1 (Glashier’s Theorem). The number of partitions of 𝑛 in which
no part appears more than 𝑑 times, here denoted 𝑝𝛼(𝑛), equals the number of
partitions of 𝑛 in which no part is a divisible by 𝑑 + 1, here denoted 𝑝𝛽(𝑛).

Proof.

∑
𝑛≥0

𝑝𝛼(𝑛)𝑞𝑛 = ∏
𝑛≥1

(1 + 𝑞𝑛 + ⋯ + 𝑞𝑑𝑛)

= ∏
𝑛≥1

1 − 𝑞(𝑑+1)𝑛

1 − 𝑞𝑛

= (1 − 𝑞𝑑+1)(1 − 𝑞2(𝑑+1)) ⋯
(1 − 𝑞) ⋯ (1 − 𝑞𝑑+1) ⋯ (1 − 𝑞2(𝑑+1)) ⋯

= ∏
𝑛≥1, 𝑑+1∤𝑛

1
1 − 𝑞𝑛

= ∑
𝑛≥0

𝑝𝛽(𝑛)𝑞𝑛.

■
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