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1 Chapter 1

Example 1

Proposition. The number of partitions of n in which each part appears two,
three, or five times equals the number of partitions of n into parts congruent to
2,3, 6,9, or 10 modulo 12.

Lemma 1. A positive integer is congruent to 2, 3, 6, 9, or 10 modulo 12 iff it
is an odd multiple of 2 or an odd multiple of 3.

Proof of Lemma 1. The odd residue classes modulo 12 are [1], [3], [5], [7], [9],
and [11]. An odd multiple of 2 has the form 2m, where m is odd. Thus, the
possible residue classes of 2m are

2[1] =2[7] = [2],
2[3] = 2[9] = [6],
2[5] = 2[11] = [10]

An odd multiple of 3 has the form 3m, where m is odd. Thus, the possible
residue classes of 3m are

[9] = 3],

3 3
3 3[11] = [9].

Therefore, the odd multiples of two or three are exactly the integers congruent
to 2, 3, 6, 9, or 10 modulo 12. |

Proof of the Proposition. Let p,(n) denote the number of partitions of n in
which each part appears two, three, or five times. Let pg(n) denote the number
of partitions of n into parts congruent to 2, 3, 6, 9, or 10 modulo 12. Thus
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Proof of the Proposition (q-Pochhammer). Let p,(n) denote the number of par-
titions of n in which each part appears two, three, or five times. Let pg(n) denote
the number of partitions of n into parts congruent to 2, 3, 6, 9, or 10 modulo

12. Thus
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Example 2

Proposition. The number of partitions of n in which only odd parts may be
repeated, here denoted p,(n), equals the number of partitions of n in which no
part is repeated more than three times, here denoted p3(n).

Proof.
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Proof (q-Pochhammer).
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Example 3

Proposition. The number of partitions of n in which only parts #Z 0 (mod 2™)
may be repeated, here denoted p,(n), equals the number of partitions of n in
which no part appears more than 2™ — 1 times, here denoted pg(n).
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Proof (q-Pochhammer).
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Example 4

Proposition. The number of partitions of n with unique smallest part and
largest part at most twice the smallest part, here denoted p,(n), equals the
number of partitions of n in which the largest part is odd and the smallest part
is larger than half the largest part, here denoted pg(n).

Scratchwork
Let _—
q" "
a,(q) = bn(q) = , 1
@ ("t q) @ (@™ @)n 1)
And let
2m—1 m
An(q) = Z an(q), Bm(q) = Z by (q) (2)
n=1 n=1
Then

And

Conjecture 1. For allm € Z,

Let
m—1 . .
pr(n,m) = 1 p2mii(n—r)/m _ 1 ifn= r (mod m) (©)
m 0 0 otherwise

so that, with z; > 0, the coefficient extraction operations are
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14T+ +T,=N—v i=1

lq

And .
[4"1bu(q) = > [T po(@sv+i—1). (8)

z1+xot T, =N—(2v—-1) i=1

Then we have

And
[V Bm(q) = > _[a"]bs(q)- (10)



Conjecture 2. For all0 < N < 2m

Conjecture 1 and Conjecture 2 are equivalent.

Other Observations

For m > 2
An(q) — Bplq) 11— g?Im/21+2

= P (12)

Where F(q) is some power series in which the lowest-degree term is of a degree
greater than m.

Expressed in terms of ,.¢, basic hypergeometric series
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Where ¢, is defined as
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