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Lecture Notes For An Introductory Minicourse
on g-Series

Exercise 1.1

Verify the inversion identity.

Note that 0+ 14+2+4 -+ (n—1) = n(n;l) — (D).

(@;q)n = (1 = a)(1 = ag)(1 — ag®) -+~ (1 — ag"™")
=(1-a)g a0 " —a)q)
=(—aH-ag ) (1-a g D) (—a)glE)
= (a7 1q7)u(~0)"®)

In parts (4¢) through (v), & and n are nonnegative integers.

(%)
(a;q)n = (1 — a)(l — aq) - (1 _ aqn—l)
_(-a)l—ag)---(1- ag" (1 —aq")---
(1 — aq")(l — aanFl) -
N G
(aq™; @)oo
(22)
(@ Qs =0—a)-(1—ag" ') - (1—ag") - (1 —ag"t 1)
(a;9)n(ag"; @)
=(1-a)---(1—agd"")- (1 —ag®)--- (1 —ag"*"")
= (a;9)k(aq"; q)n
(4i)
(ag g = EOOT 5 Dk _ (a3 9)k(aq"; @)n

(a;q)n (a5 q)n



()
By identity (i),

—n

(@;Q)k—n = (a;9)—n(ag™™; Q) = (a;q)r(ag"; q)_p.

We begin by writing

oy (@G Qk—n (a59)k(ag";q)
7o S P N

Using the definition (a;q)_, = (ag™";q),*, we simplify this to
_ (49)r(ag™";q)n

(ag";q)k = = N
We can simplify further:
n—1 . n
(ag " q@)n= |1 —ag "¢)=||(1—-aqg?)
=0 Jj=1
n . _(n+1 _
= [[(~aa )1 - a¢) = (~a)"q ") (a g @),
j=1
and
n—1 n
(ad" " q)n = [ (1 —ad" "¢?) = | [(1 — ag"7)
7=0 Jj=1
n . o
= [[(~ad*9) @ - a ¢ ) = (~a)"¢*"q~ (") (@ "¢ *: )
j=1
Thus
_(n+1
(aq ™ Q)k = (a;q)k(=a)" ("3 )(a Yg;q)n
7 (—a)nghrg= ("2 (a=1q1; q)
_ (@9r@ G D0
(aflqlfk’ )n
(v)

1_aq2n (aq2;q2)n (1_aq2)”_(1_aq2n)

l—a  (a;¢2)n (—a)--(1—ag®2)

(L—a?q)(1+a%q)---(1-a2q")(1+a2q")

S (-ad)(4ad) - (I-abg (L aten)

(qa%;q)n(—qa?;q),
(a2:q)n(—a2;q),



Basic Hypergeometric Series

Exercise 1.1

Verify the identities (1.2.30)-(1.2.40); k and n are integers.

(1.2.30)
In the case that n is a positive integer, See exercise 1.1(7) on page 1. If n = —m,
m € Zy then
1 (a;9)oo
a;q)—m = =
(a34) (ag™™:@)m  (ag™™; ¢
(1.2.31)
n(n—1 n
Note that 041+ 24 -+ (n — 1) = 221 — (1),
n—1 . n—1
@ '¢" " =[J0—a'g) = [[(A—a"'q7)
Jj=0 j=0
n—1
= [T(=a"'a )1 - ag’) = (=a~")"q D(asq)
3=0
(1.2.32)
n (G';q)n
aiq)n—k = \@;q)n\Qq ;q)—k = 71—~ -
(@300 = (@50 (0" 0) ok = TSP
And
k—1 k _
(aq" %)k = [0 = ag" ) = [[ (1 = ag" )
7=0 j=1
k .
= [(-aa" )1 = a7'¢™") = (~a)'"" ) F(a g )
j=1
= (—q/a) "B (@™ g s g,
thus (@:q)
;9 k(5)—kn
a —_ a 2
(a;q) (a=ig—n q)k( a/a)q



(1.2.33)

For n,k € Z., See exercise 1.1(4i) on page 1. For n,k € Z, identity (1.2.33)
may be verified by using repeated applications of identity (1.2.30).

, (@ o (a;9) oo
(aaq)n-l-k = (aanrk;q)oo - ( 7Q)n (a;q)n(aanrk)oo
~ (g ). 0" D)

= (a;q)n(aq"; @)k
By the same argument, (a; q)n+r = (a;q)x(aq®; q)n.

(1.2.34)

See exercise 1.1(7) on page 1. The argument is extended to negative integers
by identity (1.2.33).

(1.2.35)
By (1.2.33),
k k (a;q)n
5 n—k) — 5 $q)n—k sq)n—k =
(@5 D (n—k) = (491 (aq"; )k (aq"; @)n—k (@ 9)
(1.2.36)
By (1.2.33),
a5 4q)n+k
(@;Q)2ksn—1 = (a3 Q)26 (aq*"; -t <= (ag™;q)p—k = (8 Qs ,) =
(UL, Q)2k
Therefore "
(ag?: g)_r = (@ ¢)n(ag™; @)k



@ "ok=J0-¢) =] ™0 ="
7=0 7=0
k—1
= (1)) TT( — ")
j=0

= (DR )1 =g (1= g Y)
L-g?) (") (1 g")
1 q)(l _ q2) R (1 — qnfk)

(1.2.38)

See exercise 1.1(iv) on page 2.

(1.2.39)

(a;q)2n = (1 —a)(1 —aq)(1 —ag®)(1 — ag®)--- (1 — ag®?)(1 — ag®" )
=(1-a)(1—ag®)---(1—ag®?)- (1 —aq)(1 —ag®)--- (1 —ag®")
= (a;¢*)n(ag; ¢*)n

(1.2.40)

(a2;q2)n _ (1 e a2)(1 e a2q2) L (1 e a2q2n72)
=(1-a)1+a)1l—agq)(l+aq) (1 —-ag" ")(1+ag""")
= (@ q)n(—a;q)n

(i)
(ag " ) = [] (1 - ag™) = [[(1 - ag™)
7=0 Jj=1
= et ™) = (o'~ (g/asa),



n—1 n

(aqikin; Q)n = (1 — aqg~k+tm) +J H (kJFJ)
i=0 ol
= ﬁ(_aqf(kﬂ‘))(l _ aflqk+j)
C (1= a1 Y1 — g 1gF ) (1 — g lgh <a>” o n(2)
q
_ (1 —g/a)0—¢*/a)--- (1= q"*/a) [ a\" _puo(y)
(1—q/a)(1=¢*/a)-- (1 —q*/a) ( Q> !
_ (9/a; @)ntk _a " —kn—(2)
(¢/a; )k < q) 1 '
(#4i)

See exercise 1.1(v) on page 2.
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